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Abstract
A graph G is said to be n-factor-critical if G−T has a perfect matching for every T ⊂ V (G)
with |T | = n. For a vertex x of a graph G, local completion of G at x is the operation of
joining every pair of nonadjacent vertices in NG(x). For a property P of graphs, a vertex x in a
graph G is said to be P-eligible if the subgraph of G induced by NG(x) satis/es P but it is not
complete. For a graph G, a graph H is said to be a P-closure of G if there exists a series of
graphs G =G0; G1; : : : ; Gr =H such that Gi is obtained from Gi−1 by local completion at some
P-eligible vertex in Gi−1 and H =Gr has no P-eligible vertex. In this paper, we investigate the
relation between factor-criticality and a P-closure, where P is a bounded independence number
or a bounded domination number.
c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
All graphs considered in this paper are undirected, simple and /nite. Unless stated
otherwise, our notation and terminology follow that of Bondy and Murty [2].
In [3], Favaron introduced the notion of n-factor-critical graphs. A graph G is said
to be n-factor-critical if |V (G)|¿n + 2 and G − T has a perfect matching for every
T⊂V (G) with |T |=n. Since the class of 0-factor-critical graphs is the same as the class
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of graphs with a perfect matching, this notion can be considered as a generalization of
the existence of a perfect matching. In [3], Favaron generalized a number of properties
of graphs with a perfect matching to those of n-factor-critical graphs. In particular,
she gave the following necessary and suGcient condition for a graph to be n-factor-
critical as a natural extension of Tutte’s theorem. For a graph G we denote by o(G)
the number of the odd components of G.
Theorem A (Favaron [3]). A graph G is n-factor-critical if and only if o(G − S)6
|S| − n for every S⊂V (G) with |S|¿n.
In [5] RyjIaJcek introduced a new closure operation. Let G be a graph and let x∈V (G).
If G[NG(x)] (the graph induced by NG(x) in G) is not complete, we consider the oper-
ation of joining every pair of nonadjacent vertices in NG(x) by an edge so that in the
resulting graph the neighborhood of x induces a complete graph. We call this operation
local completion at x. A vertex x is said to be eligible if G[NG(x)] is connected but not
complete. Let G0, G1; : : : ; Gr be a series of graphs in which G0=G and Gi is obtained
from Gi−1 by local completion at an eligible vertex in Gi−1 (16i6r). If Gr has no
eligible vertices, or in other words, the neighborhood of every vertex in Gr induces
either a complete graph or a disconnected graph, we call Gr a closure of G and de-
note it by cl(G). RyjIaJcek [5] introduced this closure operation in the investigation of
hamiltonicity of claw-free graphs. A claw is an induced K1;3. A graph is said to be
claw-free if it has no claws. He proved the following theorem.
Theorem B (RyjIaJcek [5]). Let G be a graph.
(1) The closure cl(G) is uniquely determined.
(2) If G is claw-free, then cl(G) is claw-free.
(3) For a claw-free graph G; G is hamiltonian if and only if cl(G) is hamiltonian.
BollobIas et al. [1] generalized RyjIaJcek’s closure. Let P be a property of a graph, or in
other words, let P be a class of graphs. For a graph G and x∈V (G), we say that x is P-
eligible if G[NG(x)] satis/es P but it is not complete. Then just as by RyjIaJcek’s closure,
we consider a series of operations of local completion based on the property P. More
precisely, let G0; G1; : : : ; Gr be a series of graphs, in which G0=G and Gi is obtained
from Gi−1 by local completion at a vertex which is P-eligible in Gi−1 (16i6r). If
Gr has no P-eligible vertices, we say that Gr is a P-closure of G. If P is the property
of connectedness, P-closure is the same as RyjIaJcek’s closure.
For some properties P, a P-closure is uniquely determined, while for the other prop-
erties Q, a Q-closure may depend on the order of local completions. In [1], BollobIas
et al. investigated the relation between properties of graphs and the uniqueness of
the closures. They introduced the notion of extendable properties, and proved that
if a property P is extendable, P-closure is uniquely determined. Since connectedness
is an extendable property, this generalizes Theorem B(1). They also proved that k-
connectedness and bounded independence number are extendable properties and hence
yield the unique closures.
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The notion of P-closure sheds a new light to perfect matchings of graphs. Let Ind(k)
be the property that the independence number is bounded by k:
Ind(k)={G: (G)6k}:
There is a strong connection between Ind(2) and the class of claw-free graphs. In
fact, a graph is claw-free if and only if the neighborhood of every vertex induces a
graph satisfying Ind(2). Therefore, if we apply Ind(2)-closure to a claw-free graph, the
resulting graph is always a complete graph. In [1] the following was proved.
Theorem C (BollobIas et al. [1]). A graph G has a perfect matching if and only if
Ind(2)-closure has a perfect matching.
This generalizes the following theorem by Sumner [6].
Theorem D (Sumner [6]). Every connected claw-free graph of even order has a per-
fect matching.
Since Theorem C gives a relation between the existence of a perfect matching and
Ind(2)-closure, we may be able to extend this theorem and /nd a relation between
factor-criticality and Ind(k)-closure for some k. This is the /rst motivation of this
paper.
As a generalization of claw-free graphs, RyjIaJcek [4] introduced the class of almost
claw-free graphs. For a graph G, let (G) denote the domination number of G. The
center of a claw is the unique vertex of degree three in the claw. A graph G is said
to be almost claw-free if G satis/es the following two conditions.
(i) (G[NG(x)])62 for each x∈V (G), and
(ii) the centers of the claws in G are independent.
Since (G)6(G), a claw-free graph is almost claw-free. RyjIaJcek generalized Theo-
rem D to almost claw-free graphs.
Theorem E (RyjIaJcek [4]). Every connected almost claw-free graph of even order has
a perfect matching.
Considering this theorem and P-closures, we may suspect that there is some relation
between factor-criticality and a closure based on a bounded domination number. This
is the second motivation of this paper.
With these motivations, we investigate the relation between factor-criticality and
P-closures in this paper. In the next section, we study the relation between Ind(k)-
closure and factor-criticality, and give an extension of Theorem C. Let Dom(k) be the
property that the domination number is bounded by k:
Dom(k)={G: (G)6k}:
In Section 3, we study the relation between factor-criticality and Dom(k)-closure.
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Before closing this section, we make some simple observations. We /rst note that
factor-criticality is a monotone property. Although this is a trivial observation, it always
guarantees one implication for a theorem on factor-criticality and a closure. We also
note that if a graph G is n-factor-critical, then |V (G)| − n is an even number.
Lemma 1. Let G be a graph.
(1) Let H be a spanning subgraph of G. If H is n-factor-critical, then G is n-factor-
critical.
(2) If G is n-factor-critical, then |V (G)|≡n (mod 2).
It is easy to see that a graph is n-factor-critical if local completion at a vertex x
yields an n-factor-critical graph for a suGcient number of vertices x.
Theorem 2. Let G be a graph of order p, say V (G)={x1; : : : ; xp}. Then G is
n-factor-critical if and only if G′xi is n-factor-critical for 16i6
1
2 (p + n), where G
′
xi
is the graph obtained from G by local completion at xi.
Proof. The “only if” part immediately follows from Lemma 1(1). For the “if” part,
assume, to the contrary, that G is not n-factor-critical. Then by Theorem A, there
exists a set S⊂V (G) with |S|¿n and o(G− S)¿|S| − n. Since G′xi is n-factor-critical,
p= |V (G′xi)|≡n (mod 2) by Lemma 1(2). This implies o(G− S)≡|S| − n (mod 2), and
hence o(G − S)¿|S| − n + 2. If |S|¿ 12 (p + n), then o(G − S)¿ 12 (p + n) − n +
2= 12(p−n)+2, and hence |V (G)|¿o(G−S)+ |S|¿p+2, a contradiction. Therefore,
we have |S|¡ 12 (p+n). This implies xi =∈S for some i with 16i6 12 (p+n). Then local
completion at xi only adds edges between vertices in S∪C, where C is the component
of G − S that contains xi, and hence every component of G − S induces a component
in Gxi − S ′. Therefore, we have o(G′xi − S) = o(G− S)¿|S| − n+2, which means G′xi
is not n-factor-critical. This is a contradiction, and the theorem follows.
The above theorem is sharp in the sense that even if local completion at a vertex
x yields an n-factor-critical graph for 12 (p+ n)− 1 vertices x, the original graph may
not be n-factor-critical. Let G=Ks∨Ks−n+2, where s is an integer with s¿n. Then
|V (G)|=2s−n+2 and G is not n-factor-critical. However, for each vertex x∈Ks, G′x is
a complete graph of order 2s−n+2, which is n-factor-critical, and s= 12(|V (G)|+n)−1.
2. Closure based on independence number
In this section, we consider Ind(k)-closure, and study how it aPects the factor-criticality
of graphs. First, we investigate the relation between the factor-criticality and local
completion.
Theorem 3. Let G be an (n + k − 1)-connected graph, where k is a positive even
integer. Let x∈V (G) with (G[NG(x)])6k and let G′ be the graph obtained from
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G by local completion at x. If G′ is (n + k − 2)-factor-critical, then G is n-factor-
critical.
Proof. Assume, to the contrary, that G is not n-factor-critical. Then by Theorem A,
o(G − S)¿|S| − n for some S⊂V (G) with |S|¿n. Since G′ is (n + k − 2)-factor-
critical, by Lemma 1(2), |V (G′)|= |V (G)|≡n + k − 2 (mod 2). Since k is even, this
implies |V (G)|≡n (mod 2), and hence o(G−S)≡|S|−n (mod 2). Thus, we have o(G−
S)¿|S| − n+ 2¿2. Since G is (n+ k − 1)-connected, this implies |S|¿n+ k − 1.
Let C1; : : : ; Ct be the odd components of G−S, where t=o(G−S)¿|S|−n+2, and
let D1; : : : ; Dq be the even components of G− S (q¿0). If x =∈S, then each component
of G−S still induces a component in G′−S and hence o(G′−S)=o(G−S)= t¿|S|−
n + 2¿|S| − (n + k − 2). Since |S|¿n + k − 1, G′ is not (n + k − 2)-factor-critical
by Theorem A, a contradiction. Therefore, x∈S. We may assume NG(x)∩Ci =∅ for
16i6l, NG(x)∩Ci=∅ for l+ 16i6t, NG(x)∩Di =∅ for 16i6m and NG(x)∩Di=∅
for m + 16i6q (l, m¿0). Since (G[NG(x)])6k, l6k. Since Ci induces an odd
component in G′ − S for each i with l+ 16i6t, o(G′ − S)¿t − l¿|S| − n+ 2− l.
On the other hand, since G′ is (n+ k − 2)-factor-critical and |S|¿n+ k − 1, we have
o(G′ − S)6|S| − (n+ k − 2). Therefore, we have l=k.
Now let S ′=S − {x} and consider G′ − S ′. Each Ci with k + 16i6t induces an
odd component in G′ − S ′, and since k is even, {x}∪(⋃ki=1 Ci)∪(⋃mi=1Di) induces an
odd component in G′ − S ′. Therefore,
o(G′ − S ′)= t − k + 1¿|S| − n+ 2− k + 1 = |S ′| − (n+ k − 4):
Since |S ′|¿n+k−2, G′ is not (n+k−2)-factor-critical by Theorem A. This contradicts
the assumption, and the theorem follows.
Theorem 3 is sharp in the sense that we cannot relax the factor-criticality of G′ in
the assumption. Let H=Ks∨Ks−n+2 with s¿n + k, and choose one vertex x in Ks.
Let G be the graph obtained from H be removing s − k − n+ 2 edges joining x and
vertices in Ks−n+2. Then G is (n + k − 1)-connected. The neighborhood of x in G
induces Ks−1∨Kk and its independence number is k. If we apply local completion at
x, the resulting graph is isomorphic to Kk+1∨Ks−1∨Ks−k−n+2, which is (n + k − 4)-
factor-critical. However, G is not n-factor-critical.
Theorem 3 is also sharp in the sense that we cannot relax the condition on the
connectivity of G. For a positive integer m, Let G=Kn+k−2∨kK2m+1, and let x
be a vertex in Kn+k−2. Then G is (n + k − 2)-connected but not n-factor-critical.
The neighborhood of x in G induces Kn+k−3∨kK2m+1 and its independence num-
ber is k, and if we apply local completion at x, the resulting graph is the complete
graph of order n + k − 2 + k(2m + 1), which is (n + k − 2)-factor-critical since k is
even.
The converse of Theorem 3 does not hold for k¿4. Let G=Kt∨Kn+t+k−4. with
t¿k¿4 and k even. Then G is n-factor-critical but not (n + k − 2)-factor-critical.
Since (G[NG(x)])∈{1; t} for each x∈V (G), if we apply local completion at a vertex
x with (G[NG(x)])6k, the resulting graph is the same as G.
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However, if k = 2, then by Lemma 1(1), the converse does hold, and hence we
have the following corollary, which extends Theorem 3.
Corollary 4. An (n+1)-connected graph is n-factor-critical if and only if its Ind(2)-
closure is n-factor-critical.
Because of the parity, we cannot say much if k is odd. What we can say is the
following trivial corollary of Theorem 3.
Corollary 5. Let k be an odd integer with k¿3, and let G be an (n+k−2)-connected
graph. Also let x be a vertex of G with (G[NG(x)])6k − 1 and let G′ be the graph
obtained from G by local completion at x. If G′ is (n+ k − 3)-factor-critical, then G
is n-factor-critical.
3. Closure based on domination number
In this section, we consider the property of bounded domination number. Unlike Ind(k)-
closure, factor-criticality is not preserved under local completion at a vertex whose
neighborhood induces a graph with bounded domination number. More precisely, for
any positive integers k; m; n with m≡n (mod 2), there exists a graph G and a vertex
x in G with (G[NG(x)])6k such that the graph obtained from G by local completion
at x is m-factor-critical, while G is not n-factor-critical. Let G=Ks∨Ks−n+2, with
s¿ 12 (m+ n) + 1, and let x be a vertex in Ks. Then G is not n-factor-critical. On the
other hand, since G[NG(x)]Ks−1∨Ks−n+2 and s¿2, (G[NG(x)])=16k. If we apply
local completion at x, the resulting graph is K2s−n+2, and since 2s−n+2≡n≡m (mod 2)
and 2s− n+ 2¿m, it is m-factor-critical.
Comparing the above observation with Theorem E, we see that condition (ii) in the
de/nition of the almost claw-free graphs plays an important role for factor-criticality. In
order to illustrate the situation more clearly, we put condition (ii) into the assumption,
and see what happens to the relation between factor-criticality and Dom(k)-closure.
First, we consider just one local completion. The center of K1; s is the unique vertex of
degree s in K1; s.
Theorem 6. Let s and k be integers with s¿3, k¿2 and ks≡0 (mod 2). Let G be an
(n + (s − 1)k − 1)-connected graph such that the centers of the induced K1; s’s in G
are independent, let x be a vertex of G with (G[NG(x)])6k, and let G′ be the graph
obtained from G by local completion at x. If G′ is (n+ (s− 2)k − 2)-factor-critical,
then G is n-factor-critical.
Proof. Assume, to the contrary, that G is not n-factor-critical. Then there exists a set of
vertices T with |T |¿n such that o(G−T ) ¿ |T |−n. Since G′ is (n+(s−2)k−2)-factor-
critical, |V (G)|= |V (G′)|≡n+ (s− 2)k − 2≡n (mod 2). This implies o(G− T )≡|T | −
n (mod 2), and hence o(G−T )¿|T |−n+2¿2. Since G is (n+(s−1)k−1)-connected,
this also implies |T |¿n+ (s− 1)k − 1.
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Let C1; : : : ; Cl be the odd components of G − T , where l=o(G − T )¿|T | − n+ 2,
and let D1; : : : ; Dq be the even components of G − T (q¿0). If x =∈T , then every
component of G−T induces a component in G′−T , and hence o(G′−T )¿|T | − n+
2¿|T | − (n+ (s− 2)k − 2). Since |T |¿n+ (s− 1)k − 1 ¿ n+ (s− 2)k − 2, G′ is not
(n+ (s− 2)k − 2)-factor-critical by Theorem A, a contradiction. Thus, we have x∈T .
We may assume NG(x)∩Ci =∅ for 16i6m and NG(x)∩Ci=∅ for m + 16i6l.
Let T ′=T − {x}. Since Cm+1; : : : ; Cl are components in G′ − T ′, we have o(G′ −
T ′)¿l − m¿|T | − n + 2 − m= |T ′| − n − m + 3. On the other hand, since G′ is
(n+(s− 2)k − 2)-factor-critical and |T ′|= |T | − 1¿n+(s− 1)k − 2¿n+(s− 2)k − 2,
o(G′ − T ′)6|T ′| − (n+ (s− 2)k − 2). Therefore, we have m¿(s− 2)k + 1.
If x is not a center of an induced K1; s, we have (s− 2)k +16m6s− 1. This yields
(s−2)(k−1)60, which contradicts the assumption s¿3 and k¿2. Thus, x is a center
of an induced K1; s.
Let D be a minimum dominating set of G[NG(x)]. For each v∈D∩T , let Jv={i: 1
6i6m;NG(v)∩Ci =∅}, and jv= |Jv|. If jx′¿s for some x′∈D∩T , then x′ is a center
of an induced K1; s. Since xx′∈E(G), this contradicts the assumption. Hence jx′6s− 1
for each x′∈D∩T .
Now choose x1; : : : ; xd∈D∩T satisfying
(1) jxi =s− 1 for each i; 16i6d,and
(2) Jxi ∩Jxj =∅ for each i, j with 16i¡j6d,
so that d is as large as possible. Note d6|D|6k.
Let T ′=T − {x; x1; : : : ; xd}. Since |T |¿n+ (s− 1)k − 1 and d6k, we have
|T ′|= |T | − (d+ 1)¿n+ (s− 1)k − 1− d− 1¿n+ (s− 2)k − 2:
Since G′ is (n+(s− 2)k − 2)-factor-critical, o(G′− T ′)6|T ′| − (n+(s− 2)k − 2). On
the other hand, if NG(xi)∩Cj =∅ for some i; j with 16i6d and m + 16j6l, then
since jxi =s − 1, xi is a center of an induced K1; s in G. This is a contradiction, and
hence NG(xi)∩Cj=∅ for each i; j with 16i6d and m + 16j6l. This implies that
Cm+1; : : : ; Cl are odd components of G′ − T ′. Hence
o(G′ − T ′)¿l− m¿|T | − n+ 2− m= |T ′| − m− n+ d+ 3:
Thus, we have |T ′|−(n+(s−2)k−2)¿|T ′|−m−n+d+3, or d6m−(s−2)k−1. On
the other hand, each vertex in V (Ci)∩NG(x) with i∈{1; : : : ; m}−
⋃d
i=1 Jxi is dominated
by D − {x1; : : : ; xd}. Thus, by the maximality of d, we have m − d(s − 1)6(|D| −
d)(s−2)6(k−d)(s−2), or d¿m− (s−2)k. This is a contradiction, and the theorem
follows.
Now we turn our attention to Dom(k)-closure. For a set S of vertices, let KS be the
complete graph whose vertex set is S. Let H and H ′ be graphs. If either H ′ is obtained
from H by adding edges, or H ′=H ∪KS for some S⊂V (H ′) (possibly S ⊂V (H)) with
NH (x)⊂S for some x∈V (H)∩S, then H ′ is said to be an extension of H . We say
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that a property P is extendable if P is closed under extension. More precisely, P is
said to be extendable if P satis/es the following condition.
• If H is a graph satisfying P and H ′ is an extension of H , then H ′ satis/es P.
In [1] it is proved that if P is an extendable property, then P-closure is uniquely
determined.
It is easy to see that Dom(k) is an extendable property.
Theorem 7. The property Dom(k) is an extendable property.
Proof. Let G be a graph with (G)6k and let G′ be an extension of G. If G′
is obtained from G by adding edges, clearly (G′)6k. Suppose G′=G∪KS with
{x}∪NG(x)⊂S for some x∈V (G). Let D be a minimum dominating set of G. Then
({x}∪NG(x))∩D =∅, say y∈({x}∪NG(x))∩D. Since G′[S] is complete, every vertex
in S is dominated by y in G′, and hence D is a dominating set in G′. Therefore, we
have (G′)6k.
By Theorem 7, Dom(k)-closure is uniquely determined. Theorem 6 with s=3 and
k=2 and Lemma 1(1) give the following corollary.
Corollary 8. Let G be an (n+ 3)-connected graph in which the centers of the claws
are independent. Let x be a vertex with (G[NG(x)])62 and let G′ be the graph
obtained from G by local completion at x. Then G is n-factor-critical if and only if
G′ is n-factor-critical.
One might hope that for an (n+ 3)-connected graph G in which the centers of the
claws form an independent set, G is n-factor-critical if and only if the Dom(2)-closure
of G is n-factor-critical. However, unlike Corollary 4, Corollary 8 does not yield a
closure theorem. More precisely, for n¿2, there exist in/nitely many graphs G such
that
(1) the centers of the claws in G are independent,
(2) G is (n+ 3)-connected, and
(3) the Dom(2)-closure of G is n-factor-critical, but
(4) G is not n-factor-critical.
Let s be an integer with s¿n + 3¿5 and let t be an odd integer with t¿s. Let
C1; : : : ; Cs−n+2 be copies of Kt and let D1; : : : ; Dn−2 be copies of Kt+1. Let {x(i)1 ; : : : ; x(i)s }
be a set of vertices in Ci (16i6s− n+2) and let {y( j)1 ; : : : ; y( j)s } be a set of vertices
in Dj (16j6n− 2). Take new vertices z1; : : : ; zs and construct G by
V (G)=
(
s−n+2⋃
i=1
V (Ci)
)
∪

n−2⋃
j=1
V (Dj)

 ∪{z1; : : : ; zs}
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and
E(G) =
(
s−n+2⋃
i=1
E(Ci)
)
∪

n−2⋃
j=1
E(Dj)


∪{zpx(i)p ; zpy( j)p : 16p6s; 16i6s− n+ 2; 16j6n− 2}:
If v∈V (Ci)−{x(i)1 ; : : : ; x(i)s }, then G[NG(v)]Kt−1. If v∈V (Dj)−{y( j)1 ; : : : ; y( j)s }, then
G[NG(v)]Kt . Furthermore, G[NG(x(i)p )]Kt−1∪K1 (16i6s − n + 2); G[NG(y( j)p )]
Kt∪K1 (16j6n − 2) and G[NG(zp)]Ks (16p6s). Thus, the set of the centers
of the claws in G is {z1; : : : ; zs}, which is independent. Since s¿n+ 3, G is (n+ 3)-
connected. Let Z={z1; : : : ; zs}. Then |Z |=s¿n and o(G−Z)=s−n+2¿s−n. Hence
G is not n-factor-critical. Now consider Dom(2)-closure of G. In G, x(i)1 is Dom(2)-
eligible, and if we apply local completion at x(i)1 , we have a new graph G1, in which z1
is adjacent with every vertex in Ci. In G1, the neighborhood of x
(i)
2 induces Kt∪K1 and
hence x(i)2 is Dom(2)-eligible. If we apply local completion at x
(i)
2 , we obtain another
new graph G2, in which z2 is adjacent with z1 and each vertex in Ci. Note that in G2,
both z1 and z2 are still centers of claws, but they are adjacent with each other.
Now, continue applying local completions at x(i)3 ; : : : ; x
(i)
s . After local completion
at x(i)s , in the resulting graph, Z induces a complete graph, and every vertex zp is
adjacent to each vertex in Ci (16p6s). Similarly, if we apply local completions at
y( j)1 ; : : : ; y
( j)
s , then each vertex in Z is adjacent with every vertex in Dj (16j6n− 2).
By the above observation, if we apply local completion at every x(i)p and y
( j)
p (16p
6s; 16i6s − n + 2; 16j6n − 2), the resulting graph is isomorphic to Ks∨((s −
n+2)Kt∪(n− 2)Kt+1). In this graph, the neighborhood of z1 induces Ks−1∨((s− n+
2)Kt∪(n− 2)Kt+1) and hence z1 is Dom(2)-eligible, and local completion at z1 yields
a complete graph of order s+ t(s− n+ 2) + (t + 1)(n− 2), which is n-factor-critical.
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